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Abstract 



We formulate {N = l,d= 11) supergravity in components in light-cone gauge 
(LC2) to order k. In this formulation, we use judicious gauge choices and the 
associated constraint relations to express the metric, three-form and gravitino 
entirely in terms of the physical degrees of freedom in the theory. 



1 Introduction 

Eleven-dimensional supergravity is an interesting theory for a number of reasons. 
Chief among these is that the theory is the higher dimensional progenitor for 
(N = 8, d = 4) supergravity. There are indications that the N = 8 theory 
is perturbatively finite making it a candidate for a finite quantum field theory 
of gravity - this makes understanding the parent theory important as well. In 
this paper, we formulate d = 11 supergravity in components, to order k in 
light-cone gauge. This is an interesting exercise in itself: given the three very 
different fields in the theory, judicious gauge choices can vastly simplify the 
structure of the Lagrangian. We will make a number of such choices to make 
manifest the physical degrees of freedom and highlight the close ties between 
the graviton, gravitino and three-form. (N — l,d — 11) supergravity is ultra- 
violet divergent. A model like M-theory, also in eleven dimensions, presumably 
tames these divergences and an understanding of how may arise from a study of 
the ultra-violet properties of d = 11 supergravity. Another point of interest is 
the role of the little group in divergence analysis. Hughes [1] conjectured that 
divergence cancellations in field theories could be traced back to the space-time 
little group. Curtright [2] made this proposal more concrete by considering loop 
integrals arising from theories in higher dimensions 



f(q 2 ) represents a generic one- loop integral, D the dimension of space-time and 
(— ) s = +1 for bosons and —1 for fermions. and represent Dynkin 

indices corresponding to 0(D — 2) thus emphasizing the central role played by 
the space-time little group in determining ultra-violet behavior. The structure 
of SO(9), for example, offers insights into the divergent nature of the (N — 
l,d = 11) <-* (N = 8, d = 4) system [3]. A systematic derivation of ([I]), in 
the context of Yang-Mills, was undertaken in [4]. Extending this analysis to 
supergravity requires an LC2 formulation in component^) and this motivates 
the present paper. A light-cone formulation where the unphysical degrees of 
freedom are eliminated is referred to as LC2 as opposed to LC4 [6] . 

2 Eleven-dimensional supergravity 

The bosonic field content of eleven-dimensional supergravity consists of the elf- 
bein, e p a and a completely antisymmetric 3-form potential A^ vp with field 
strength F pvprj = d^ p A vpa ^. In terms of the SO(9) little group in eleven 
dimensions, these correspond to a total of 128 bosonic states. The fermionic 
content consists of a single Majorana field, which has 128 fermionic states. 
The N — 1 supergravity action in eleven dimensions is [7] 




(1) 





1 As opposed to a superspace or manifestly supersymmetric formulation [5]. 
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where e is the elfbein determinant and the individual Lagrangians are [8] 



1 2k 

T ja — pF VV-vp° \ f Ci-Mii p J? A 



(3) 



L 3 =- l -e*^D p (^)H> a , 

We will work with both the metric and elfbein fields e p a , since we need to intro- 
duce fermions. We use light-cone coordinates for both space-time and the locally 
flat indices. Whenever necessary, we will circle space-time light-cone indices to 
differentiate them from locally flat light-cone indices, /j, , v . . . represent space- 
time indices, /i = ©, 0, ® with © = 1 ... 8 while a , b . . . are the locally flat 
indices, a — + , — , i where i = 1 . . . 8. 

Working in the 1.5 order formalism [9], we formulate the d = 11 theory in 
light-cone gauge to order k. The spin-connection, determined by the variation 



Uuab{e) = e a p {d v e bp - d p e bv ) - e b p (d v e ap - d p e av ) 

K 2 — — — K 2 —a 



(4) 



The curvature is defined as 

R^ivab — 9 p LO vab — <9„ U!^ ab + UJ pac LO v C b — LO uac LO p C fc . (5) 

Space-time 7 matrices are written in terms of locally fiat coordinates as 

/ = e" a 7", (6) 
and these flat gamma matrices satisfy 

{ 1 a ll b } = -2r 1 ab • 

rj ab is flat with signature (— 1,+1, . . . + 1) and ^■■■Vn [ s the completely anti- 
symmetric product of n 7 matrices. 

A, = d, + g[7 a ,7Va6 , (7) 
is the covariant derivative. 
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3 d = 11 supergravity in LC2 to order k 



Pure gravity has been previously formulated in light-cone gauge in many mildly 
differing forms [10-15] while gravitino interactions have been analyzed in light- 
front variables in [16]. The three fields in the d = 11 theory are the metric, the 
three-form and the Rarita-Schwinger field. The metric has 44 components, the 
three-form 84 and the gravitino 128 degrees of freedom. With the spacetime 
metric (— , +,...,+) wc define 

x ± = -J= (x° ± x 10 ) , d ± = -L ( 9o ± a 10 ) . (8) 

x + plays the role of time and —i d + the Hamiltonian. <9_ = — d + is now a spatial 
derivative and its inverse, is defined using the prescription in [17]. We will 
now systematically formulate each of the four terms in ([2]) in light-cone gauge. 

3.1 L\\ gravity 

This subsection is not as detailed as the following two because light-cone grav- 
ity has been treated in detail before. We therefore keep this subsection short 
highlighting only important results and refer the reader to [12,13] for additional 
details. In this subsection alone, we circle the space-time light-cone indices to 
differentiate them from the locally flat light-cone indices. 

We parametrize the elfbeins as follows 

e e +=e^, e e - = e'*. (9) 

The symmetric object (transverse metric) is parametrized as 

3®0 = e 4 Pij , (10) 

where £ is a real field and fyj is a real symmetric unimodular matrix that satisfies 

ffijPjk = 5 ik . (11) 

We choose light-cone gauge by setting 

e e + = , 
e e k - , 

e © +=0 < 
and <j> = j £• We also choose [12] 

fki = {e Kh )ii , (12) 
where hij is a symmetric trace-free matrix. We expand /3 as 

Pij =S ij + Kh ij +0(K 2 ) . (13) 
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To order k, the relevant tensor contributions from ^ read 



T^{A) = ~(F„ a0 yF^ - ^F 2 ) , (14) 



and 



There are many cancelations because most contributions to order n occur through 
the transverse metric gtj = 5^ + nhij and its inverse g tJ — Sij — nhij which differ 
in sign. From the various components of — \e a ^R = T®(A, we infer that 

f ~ 0+ 0(k 2 ) , e ~ 1 + 0(k 2 ) , (16) 



and 



=-K^h Jm +0(K 2 ) , (17) 



^=~1 ^h im + 0( K 2 ). (18) 
The gravity Lagrangian 

L x oc ee pb e ac R p<Jcb , (19) 

is now expressible entirely in terms of the physical variables and to order k reads 

1 k Qd 

L\ = + — hij □ hij + — hij ^ 2 {d—h mn d-h mn ) 

+ — h rn k(did-h m k)-^-hu + n h m k(dkd-h im )dihu 
+ ^h mk (d-h mk )did l h l i + n (d-h lm )(d k h mk )dihu 
+ 1^(3^)3 j h kl -'lh mk (d l h il )d k h im 

- -^hji(d k hij)dihik + 18K(-^-Apki)(d-Ajki)hij 

(20) 

— 6K[dpApik)(dqAqjk)hij + — Fiklm-Fjklm^ij 



o flkam o am 



o QmQfc o am ai 



I (9 m 1 r9 p r) r ' 
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o am o an. 



1 f) m 1 f) m f) 1 

J—iK^—Y^^rn iklQl iu.. , _J_j Ky k\ jkl m ° ° iu, 

2V2 d~ X 7 7 X 13 2V2 X 7 7 9- X ' 



o am 1 nin 

V2 d- X 7 * U + 2V2 * 7 7 9- 

4- J j.„M jk a ° rn, , 1 ■ a kj m jklai l h 

+ V2 X 1 3- X hv + 2V2 d- X 7 7 X y 



It is important to note that (p?0|) makes significant use of results (for the three- 
form and gravitino) derived in the following two subsections. Also, terms that 
explicitly involve <9+ have been eliminated by means of a suitable held redefini- 
tion - this procedure is detailed in [12]. 

3.2 L 2 : three- form 

The 3-form part of the supergravity Lagrangian is 
1 2k 

Tjo4-Li= pF F^ pa A F Mi-Mu T? p A 



(12)" (21) 



(22) 



, ^e(vI/ /i7 ^™' 3 vl/ /3 + 12^ 7 P-vl//3)F^ Q , 
and yields the following equations of motion 

M ~~ 576 /Jl.../i4- r M5---M8 

- ^(^"^^ ) _ |a Q (^ 7 ^* CT ) . 
We choose light-cone gauge by setting 

A_y = = A_ +fc = ,4+- fe = . (23) 

The +kl component of the equations of motion determines 

A- m (k°) = -j-A m (24) 

and 

6d 2 _A~ kl {K) = -±e+-^-^d-A { ^d [it A i% ^ - -^= K d p ( X p h k X l ) 

1 5 <9" 

8a/2 16V2 9- / 25 -) 
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Note that this result uses some additional information (about the gravitino) 
derived in the next subsection. The LC2 3-form Lagrangian is 

L 2 =- 18A ijk nA ijk + ^L e +-««»»w| - 8 (d+A ijk )(d^A mnp )A qrs 
did q 

+ 24 (— Aqjk)(d—A mn p)Aq rs 24 (dqAqij )(dkA mn p )A qrs (26) 

+ 24(d^A ijk )(d m A npq )^-A qrs } + 9 - {d-A lkl )d t [A- kl (n)] , 

where A~ kl (K) is given by (j2"5|) . It is important to point out that is not 
included above and will be dealt with in subsection (|3.4p . As in gravity, the 
first term in (f2"6"|) involves an explicit 9+ and this is easily removed^ using a field 
redefinition analogous to (29) in [12]. A^p has 165 components. The first and 
second gauge choices in (l23l) eliminate ^ = 36 components and 9 components 
respectively while (|2"4")l eliminates an additional ^ = 36 components leaving us 
with 84 "physical" components for Afj k . 

3.3 L 3 : gravitino 

The gravitino-dependent terms in eleven-dimensional supergravity are (with 
spinor indices suppressed) 



L 3 + L 4 =- -e^^A,^ 



+ ^e( V^ro^Vp + 12* V** )F vpo 



(27) 



As mentioned earlier, the determinant e ~ 1 + 0(k 2 ) and 



We define 



(28) 



7 ± = i( 7 ° ± yo) ; 7 + 7 -$m = 2 *M+) 7 - 7 +^m = (-) , (29) 

and go to light-cone gauge by setting 

= = . (30) 

We also make the additional gauge choice 

7 . if = y* 1 - 7 +$- = , (31) 

implying that 

7 l * l (-) = . (32) 



Technically, the <9_|_ reappears in terms involving higher orders of re. 
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This allows us to define the "physical" gravitino field 

X 1 = (S il + \f ■ (33) 

Equations of motion corresponding to (|27|) are 

i^ x D^ x = ^ p ™^ F up(Ta + ^Y°^ a F^ a , (34) 
with D v defined by ([7]). The \x = + component implies that 



(35) 



+ ^ nklm * m ^ d u A nkl] - *™(-) d.A l+jm] 

k - fc 7^; ( _) 

while the lower and upper components of the \x — i equation yield 

d+*- i+) = \l + l m ^-^^ ] + 0{k) . (36) 

and 

+ \^ + 7 j {(d k h jk )¥^} + i K7 V{(^-) 

1 r) m 1 

- - K1 +{(d + h ll ) 1 m — ^}--K 1 +^{(d k h l] )^} 

+ -^ klm ^ m ^d-A [m - i^ri-)^, 

- H K7 V' fcm * m <->d_,4 [+J - fc] + i« 7 ^ m (+)c)„A fom] 

_ I K7 +* fc (-)a_A [+lfc] + o(^ 2 ) , 

The next subsection will focus exclusively on which was also ignored earlier 
when deriving (f26|) . At present, we simply substitute the above results, to order 
k, into the first line in (|27f to obtain 



(37) 
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IK 



gn 



15 ;„•!., & 



45 



q .gp i 



_^j3 k _ v m r) A -, — —v m r) A -I- -V-y'- — -v m r) 4 

o7 °- A %3k -X O q Ji qlm -f - 7 7 —X 0-A lsm 
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a 3 

- y7 l 7 jfcim 7 P ^-X m a_^ fei + -y 7 ^' m x m ^A pW 

3 r) 3 (9 p 

2 77 X ^ gjm + 16 77 7 jfem 



(38) 



with given by ([37)) . 

3.4 Z^: gravitino three-form coupling 

We now turn to the final piece L4 in @. A straightforward substitution of all 
LC2 results derived thus far yields 



1 



V2 



45 d 



45 



—La = - -—X l h m l llU X l d q A q3k + - x i^m y m_ x i daA 



4 a 



d. 



-X O q A q0 k 



o 1 c gi flm 



+ 



3<9 r ' 
15 3*8" 

TIF 



15 
7 



9 

2'' 
3 a 
2a 
15 9 r ' 



gmgl 



(39) 



gl 1 an 

1 an 

gX 7 7 °] A kmp 
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4 Conclusions 



Eleven-dimensional space-time houses N — 1 supergravity, the largest super- 
symmetric local field theory with helicity two on reduction to four dimensions. 
In this paper we have formulated this theory to order k, in light-cone gauge. We 
have made a number of gauge choices which helped differentiate between the 
unwanted degrees of freedom and the actual physically relevant variables. It is 
interesting to note how every component of L depends on all three fields thanks 
to the maximal supersymmetry that closely links them. One very nice thing 
about the LC2 procedure is the way the gauge conditions make the counting of 
degrees-of-freedom obvious. In particular, the 128 fcrmionic degrees of freedom 
are captured entirely by (|33p . In momentum space, these structures collapse 
considerably and Feynman rules are therefore the next step. A necessary next 
step is the Lagrangian to order k 2 which will then make an explicit check of {1} 
for the (N = 1, d = 11) <->• (N = 8, d = 4) system possible. 
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